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VII. Problems concerning Interpolations. By Edward 
Waring, Af. D. F. R. S. andoftbe InftHute of Bononia, 
Lucafian Profeflbr of Mathematics in the Univer/ity of 
Cambridge. 



Read Jan. 9, "\^"R. BRiGGs was the firft perfon, I believe, 
•*•"*■ that invented a method of differences 
for interpolating logarithms at fmall intervals from each 
other: his principles were followed by Reginald and 
toovroN in France. Sir isaac newton, from the fame 
principles, difcovered a general and elegant folution of 
the abovementioned problem: perhaps a ffill more ele- 
gant one on fome accounts has been fince difcovered by 
Meff. nichole and Stirling. In the following theorems 
the fame problem is refolved and rendered iomewhat 
more general, without having any recourfe to finding the 
fucceflive differences. 



T H£0 R e m 1. 

AfTume an equation a+6x+cx t +dx i , . , . x'-'-y,, 
in which the co-efficients a, 6, c, d } e> &c, are invariable ; 

I a let 
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let «, ft y, #, s, &c. denote n values of the unknown 
quantity #, whofe correfpondent values of y let be re- 
prefenfced by s", s3, $\ $ J » &\ 8cc. Then will the; eq\ta» 
tiorxa -bbx+cx* + d.x % \ ex* . . . x"" 1 =?^ = 

ij^^x-y.x^-lxx-t-X, &c. £71 X* - y-X*- *X * z "■ X. &fr 

«-/3x«*-yx«-*x«-*x &c. x e^xf^yx^^xe-sx & c - * 

* — »X*-0X*— JX*' — ! X &C. „ *— *X* — |3x* — yxx — iX &C; v 

^L , .,_, . ,, — ■.■■.■ - i - . — -. - . H -. v R' *f- ' ' ' " " " ■ ' " " " ....ill. " ' " *~" V *%T 

' y— «Xy — &Xy — $Xy— tX &C. " J — a X J — 0X J — y X *— iX &C. 

*• — a.xx — 0X X — yXx — & X&C. . ,. 

+ ■ = T===— ~== — . — ; — xs'+8cc. 

.,_«,)$,«,—. &X «;— WC;«t4*X etc. 

D E H Q N S T R A T I Q 3SU. 

Write ex, for x in the equation ^ =» 

*— /3 X* -rxX # — :4.X.*,-r S X &C. ■ „ «^-XX *-ry X *'r*"fiX-:Af.— .i.X &C. ,» 
i — sr==^— == ■ — v R + ■ — i i v S**-*» 

«t-j9x.*-r.*x •-.'?<.•-• x &c, ^-«x^-y.x.e.-,4xj?--«x, &c, 

8cc. ; and all the terms but the firft in the refulting equa- 
tion will vanilh* for each of them contains in it& nume- 
rator a, fa6tora;-a=«-^=:o; and the equation will be- 

come y= *=g ■ ■■ -^ • ■ =? ■ ■ ■ = — ■ ^- x- &*•= sfe. In the fame 

-^ •»— »X«- y X«- *X« — iX&C. 

manner, by writing ft y, $ e, &x. fuccefllvely for x in 
the given equation it may be proved, that when x is 
equal to ft y, £ 5, 8cc. then will ^ become refpe&ively 
s 8 , s y , s', s', which was to be demonftf ated. 

a, Aflume y=ax r +&x r + f +cx r +* s +dx r +& . . . x r +"-*'i 
and when x becomes «, ft y, & *, &c. let.y become re- 

fpe&ively 
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fpeflavely s*, s^ s7,, s*, s.'» &c. ; then will ^ = 

x'xx'-g'xx'-y'xx'-yxx'- .*X &C. 

— — jc ff- -■ ■ i, .1, ,. . , , ,. „ i . .I. , ——- -_-- ■ , .,— v §,* 

•"X «,'-,/J** V"- >' X «'- >' X *'- *' X &c. 



^X^'-a'x^-y'x*'-*^*'-.* X &C. g 

, „ i t hi X s" 

$*»&-* 'xt'-v'xe'-VxP'- .' x'&c. 



*"x*'-Vx*'-is'x*'- J'x*'-«'x &C. „ - 
+ ■■■■ . X S>" + &C. 

y r xy.' -*' XY ~&' Xy' ~ i'xy'- .' X &c. 

This may be demonftrated in the fame manner as> 
the preceding theorem, by writing «, 0, y, J 1 , g, 8cc. fuc~ 
ceffively for x. 

PROBLEM. 

Let there be n values x, /8,y,J»e, Sic. of the quantity x f , 
to which the n values sys?, sr, s^s*, &c. of the quan- 
tity y correfgond; fuppofe, thefe quantities to be found 
by any fun&ioa X of the quantity x; let ?r, £, cr, t, 8cc. 
be values of the quantities x, to which s*V sys.ys?, See. 
values of the quantity y correfpond : for x fubftitute its 
abovementioned valuer 7r,f,<rj tj &c. in the function X, 
and tet the quantities refulting be sf y s<>. s°, s T i Sec. not 
equal to the preceding- s r , s*j s"", s% Sec. refpe&ively ; to 
find a quantity which added to the function X mail not 
only give the true values of the quantity/ correfponding 
to the values «, jS, y, $, e, 8cc. of the quantity x, but alfo 

cor- 
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correfponding to the values w, ? f <r, t, &c. of the above- 
mentioned quantity x. 

Aflurae j*-s ,r =T ,r , Jr«-s { =Tf, s'-^s 9 -T' t j t -s t = t t , 
&c. ; then the errors of the fun<5lion X will be refpec- 
tively T ff , t«, t*, t t , 8cc; and the corre<Sling qxiantity 
fought may be 



r — {Xir— o-X* — tX &C. 
x-xXx~^0XX—yXX — $Xx — tX &C. X — itXX — <rXx — tx &C. 

f — »x f — /3x e— y x {— Jx{- ix &c. {-«Xf-»Xf-'X&c. 



X T* 



x—*Xx— 8Xx—yXx—&XX—t X &C. »-TX*-{X»-rX &C. 
<r — »X'- jSx<r— y X' — JXff— « X&C. 0-— wx <r— {X <r — rX &C. 



<-»X»-8x;t- yX«-tx»-i X&c. * — *Xx — (X X— ,x &C. ij.» 

T-aXT — 0X T — yXT — *X T— • X&C. r — TX — XT — «• X &C. 

+ &C. 

Miter. 



Let #-« x # - /3 xx — yxx — $x x — ex Sec. x x — n 

xX—pxX—<rxx—Tx&tc.=ii; 7r— ax7r— /3x7r— yx7T— ^x7r—£ 

xZcc.x7C—f> x7t-o-x7r-Tx8cc.=II; £-«X£-j6x£-yx£— <Tx 

«-{x &c. xjs-nxg—axg-Tx &c. = P; o-uxo— $x<r—yx 

o—ixa—sx 8cc. xo— 7txo— fxc- tx &c.=2; t-«xt-/Sx 

T-yxT-$x t-£ x 8cc. x T-tf x r-f x T-o-x &c.=T,&x.; then 



+ — ====. + — ===== + Zee). 

XXx — <r Tx* — T 



This 
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This problem may be„demonftrated in the fame man- 
ner as the preceding theorems, by writing for x in the 
correcting quantity fucceffively its values ?r, ?, er, t, 8cc. 

2. For the correcting quantity fought may be aiTumed 
the quantity .^'xT^jW^'x^x &cx*'x*Wx*W 

w-*'x*'— /S'x x'-VX jr'-*'x &C.X*'x ir'-f'x Jr 1 - «r' 



X x — r'x &C. - *'— «'x *'— /3*X x'—yX x'— j'x &C. X # r X A "- 



x*-'-*'x&c. f '_«'x ? '-(3'x e '-y'x f '-*'x kx e 'x{'-r' 

X ('-'Xj'-t'x &C. 

3. In general, let z be any quantity which is = a,. 
when x becomes either «, 0, y,, ^, e, 8cc. : let z become- 
fucceffively a, b, c, d, &c. when * becomes. 7r,^,,<r,,T>, 
8cc. refpettively. When x either = £, «r, t, 8cc> let n= ;; 
but if x=7r, let n=/: in the fame manner when x either 
= f» cr, t, 8cc let P=o ; but when a?=^ let P=r : and fimi- 
larly, let 2 = when x is either jr, f , t, &c. ; but when , 
x — <r let 2 = s: and likewife, when x. is either 7r, g, <r, Sec, 
let T=o; but when x=t let T=*: &c. then for the cor- 
recting quantity fought may be aiTumed -^-x -xf+, 

— X— xT*+— X — x T*+— x — xf+&C> 



T II E- 
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T H £ OR EM. 



Afiume («) quantities <*, & y, J, £, 8cc. then will the 
fum of all the (n) quantities of the following kind 



«-#X«— yXa— ix*^7x &C. 0— » X 0— y Xf3— *X0— i X &C. 



r « i' 



^«xr-'(ixr3xr-«x *c *— »x*-0x*— y x#— . x &e. 

+ 8cc. = 9, if m be any whole 



»Xi — |3Xi — yxt— Jx tee. 

number lefs than n - I ; but if #4 = n - 1, then will the 
above mentioned fum = i . In general, the fum of the 
n terms t ( * i&c .+pr* &c. +bj, +»*« &c. + &c) + 

a— 0X*— yXa— *X«— «X &C. 

g"(gy J&C. 3- a y s&c. -f a h &c. + y &&C. -f &C. ) , 
0— i*Xl&— y X 0— *X#— • X &c. 

y" (*g»&e. . + »g « &e. + «*. &c. + g& &c. + &C.) + 
y—a. Xy^X J — iX-j — t &c. 

i— axl^xi— y X *— I X &C. 

i^fcgy&C. + «gj&C. -f »yj&C. -f gyi&C. + &c.) j. __ 

*~«X»— 0X«^»X«~-*X &Ci ~~~ """ * 

if *# be lefs than «, and *«+r not equal to n— i, where r 
is equal to the number of letters contained in each of the 
contents above mentioned (Sy£ &c. /Sye, &c. @fe, &c. 
y^g, Sec. 8cc. &c. refpeclively: but if tn+r-n-i, then 
will the above mentioned fum = ± i ; it will be + 1 if r 
be an even number, otherwife~ I. 

4 DEMON- 
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DEMONSTRATION. 

Suppofc a+£<j£ + <ra*+</a 3 +<?a 4 + &c. = s% 
a+b$+c$ % +dfi + efr+ &c. = s*, 
a+l><y+c>y :i + d<y* + e>y 4 + &C. = S y , 
a + bti+c^+dP+e^+Sec. =s J , 
a + 3 e + c £ 4 + di % + ee* + Sec. - s £ , multiply 
thefe equations into a, b, c, d, e, Sec. unknown co-effi- 
cients to be inveftigated, and there refult 

AxS"=A«+A/5a + AC« 2 + A^a 3 + Am 4 +ScC. 
BxS e =Bt3! + B^j8+BC/S 2 + B^/S 3 + B^jS 4 +&:c. 

exs' y =ca+cb'y+cc'y* + cd'y s +cdy i +Sec. 

DxS J =Dtf+D^<5' + DC(5 ,2 + B^(5' 3 +D^(J' 4 +S£C^ 

e xs ! :3Etf+ E#e+E<rs* + e di % + Ers 4 + See. Sec. Sec. 
Now fuppofe as*+bs i? +cs'>'+ds j +es ! + &e. -a+bx.+cx? 
+dx 3 +ex*+Sec. and the correfpondent parts refpe&ively 
equal to each other ; that is, a ( a+ b+ c + d + e + &c.) = a \ 

£(A« + B J 6+Cy+D<^E£ + &cJ)=£#; A« s + B|6 2 + C7 2 + d| 1 

+ e e* + Sec. =x l ; a a 3 + b /3 3 + c y 3 + d^ 3 + e s 3 + Sec, =x* ; 
A« 4 +BjS 4 +C7' 4 +Dj ,4 +Ee 4 + &x. =# 4 , &c: But it follows 
from Theorem %.. that (if as?+bs0'+cs*+ds*+es , +&c. 

r <r + **+™*+</* 3 +** 4 + 8cc.)A= Ej*Ei*Ef S fi- r 

VOL..LXIX. K »~ 



66 Dr. waring on Interpolations. 

x—exx—yxx—ix x—eXkc. x — axx — gxx — ixx — txtcc 

B= ■ -~ „ a rn =z— C = 



J_«X|3-yX£-ix0-*X&C. , ' y-aX7-8Xy-iXy-,X&C. f 

x—*XX~@Xx—yXX — iX&CC. x~aXx — 0XX — yXX — ixScc. 

•» — ——_ === . . ]? — ——- - . 

J-oxJ-^xi-yxJ-sX&c.' «-»x7_i3x e-yXs-JX&c.' 

&x. : fubftitute thefe values for a, b, c, d, e, Sec. refpec- 
tively in the preceding equations (a+b+c + d + e + 8cc. = i , 

A« + B]S+Cy+D(J + Eg+ 8CC. =X, Aof+ B/8* + Cy*+ D^* + 
Eg** &CC. ~X\ Aa 3 + Bj6 3 +Cy 3 + D(j 3 + Eg 3 +8CC. = AT 3 , &C.) 

and there refult the equations (i) *5J x Er x E? x EI y&e > 

«-^x«-rx«-Jx«-ix&c. 

x — tt xr-JXJ-JxJ-iX&C, * — aXx — @Xx — I XX — iX&c. 

«j_ - — s== — == — -I- ■ — ==s — - — i f^rc t • 

#-*xiS-yx/2-*xi3-«x&c. ?-«X7-^x7-ixr-iX&e. ' 

(n\ *-gX*-7X*-*X*-iX&c. „ "-»Xx^yxx-ixx~^7xkc 

* ' «-^x«-7X»-»X«-iX&C. " £-»xiT^yX0-*Xf2— «x&C. 

r^x7rg x Tr> x< _, x &c. _ 

' y-«xT=ixT^JX^O<&c. KC * ~ X; 

\3;« «_i3x«-yX*-*X»— sX&c. ^ 0-«X0"-y,X0-*X*-Tx&c. 
, * ^ Xy-gX^^X^X&c. _ . ,. . 

* 7 ^~ ^^xpix7Z7 x&c . - *jij"rim general, 

**x J lZ- gx ZEr x .lr ^ x7 - T x&c - 1 ^^ ^x^xTTjx-^r.x&g. 

«-/3x«-yX«-*X<*-«X&c. ^ 0--«XiS--yX/3-*X*P7x&c. 
, -..^^X^gx^^xTTJc&c. » ^x^ix^x^x&c. . 
' y-BXr-^xT^Xy-'X&c. *-«X*-0x*-yX*^"o<&e. 

+ 8cc.=x OT , whatever may be the values of the quantities 
#* «j & r> £ f > &c. : reduce all thefe fraftions into terms, 
proceeding according to the dimenfions of the quantity 
x, and it is evident, that the fum of all the fractions mul- 
tiplied 
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tiplied into any dimenfion of x not equal to tn will be 
= o ; but the fura of all the fractions multiplied into x" 
will be = 1 : from this propofition the theorem is eafily 
deduced. 

I have invented and demonftrated from different prin- 
ciples to the preceding the firft part of this theorem, a 
particular cafe of which was publifhed by me many years 
ago. 

From this theorem may eafily be deduced feveral 
others of a fimilar nature* 




K 2 



